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We obtain in opera to r  f o r m  the solution of a h e a t - t r a n s f e r  p rob lem for  bodies under 
genera l ized  the rma l  effects  and de te rmine  the s t ruc tu re  of the t r a n s f e r  functions. We 
propose  approx ima te  equations for  the in te rac t ion  between the effects  in o rder  to ca lcu-  
late the mean  volume and mean  sur face  t e m p e r a t u r e s  of the body. 

We cons ider  the problem of the rmal  condUctivity for  a curv i l inear  wail  or a hollow body formed by 
two convex polygons. The walls (body) a r e  made of a homogeneous i so t ropic  ma te r i a l ,  have volume V, 
in ternal  su r face  $1, external  sur face  $2, and a r e  subject  to the influence of the following s ta te  fac tors :  

1) liquid (gaseous) media  with t e m p e r a t u r e s  t 1 (r) and t 2 (r) in contact,  respec t ive ly ,  with the su r faces  
S 1 and S 2 of the body; 

2) external  (superficial) ene rgy  sources  ql (~') and q2 (~') on the su r faces  S 1 and $2; 

3) an in ternal  volume energy  source  w(r) in the volume V; 

4) in ternal  ("convection") energy  sinks, the specif ic  intensi ty of which, b, is d i rec t ly  proport ional  
to the d i f ference  between the local t e m p e r a t u r e  u a t  the given point of the body and the t e m p e r a t u r e  
W(T) of the medium permea t ing  the body. 

It is a s sumed  that the the rmophys ica l  p roper t i e s  and h e a t - t r a n s f e r  coefficients  of the body a r e  con- 
s tant  and the energy  sources  a r e  dis tr ibuted uni formly  over  i ts  sur face  and throughout i ts  volume.  

We know [1] that the analyt ic  solution of th ree -d imens iona l  p rob lems  in heat conduction a r e  quite 
complex for  the above the rma l  effects .  The f o r m  of the solution depends on the shape of the body and the 
nature  of the change in the effects  with t ime. The mathemat ica l  formula t ion  of the prob lem can be s ignif i -  
cantly s implif ied if, in der iving the heat  conduction equation, we consider  the t e m p e r a t u r e  u of the body as  
a function of one genera l ized coordinate  r ,  uniquely re la ted  to the sur face  of ave rage  t empe ra tu r e  6 inside 
the body. In this approach  the heat  t r an s f e r  inside the body is determined by the equation of heat conduction 
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_ _  = ( 02u 1 da  _ 
O~ \ Or ~ a dr Or' - -  (u - -  v) + (1) 

The equation for  the in te rac t ion  between the sur face  of ave rage  t e m p e r a t u r e  and the genera l ized  c o o r -  
dinate should be specified in the f o r m  

a (r) = ArL (2) 

The choice of (2) is de te rmined  by the fact  that Eq. (1) can be reduced to a f o r m  convenient for  sub-  
sequent integrat ion,  s ince 

1 d~ n (3) 
- -  . ~ - -  . 

dr r 
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In addition, for  n = 0, 1, and 2, Eq. (1) becomes  the exact equation for  one-d imens ional  p rob lems  
in heat conduction [1] for  bodies of canonical  f o r m  (flat plates,  cyl inders ,  spheres) .  

The in tegra l  p rope r t i e s  of the body {external su r faces  and volume) a r e  de termined,  noting (2), f r o m  
the equations 

A 
SI = Ar•, S~ = Ar'~, V = n -k 1 ( r'~+' - -  r'~+'). (4) 

We do not d iscuss  he re  the p rob lems  of de termining the cha rac t e r i s t i c  d imensions  r 1 and r 2 of the 
body or the f o r m  vec tor .  Var ious  approaches  to thei r  choice a r e  descr ibed  in [2]. 

Under the above assumpt ions ,  boundary conditions of the following f o r m  hold for  Eq. (1), taking a c -  
count of (3): 

_ ~  Ou[ 
I . . . .  § q ~ = a 2  (u[ . . . .  - -  t2), 

(5) 
OU I + ql=cq (ul . . . .  - - t l ) .  
Or r=ra [ 

At the initial  momen t  of t ime  the t e m p e r a t u r e  dis t r ibut ion inside the body is a s sumed  to be uni form 

u (r, x)t~= 0 = 0. (6) 

The solution of Eq. (1), for  the Laplace  t r a n s f o r m e d  t e m p e r a t u r e  U(r, s) of the body under conditions 
(2), (5), and (6), can be exp re s sed  in t e r m s  of t r a n s f e r  functions and genera l ized  t he rma l  effects  in the 
f o r m  

U (r, s)=Y1Z~ -k Y~Z2 -b Y3Z3, (7) 

where  

Z t  ~--~ T 1 -}- 
1 ! 

Q1, Z~=T~ + "--:-- Q~, (s) 
Cs 1 O~ 2 

z~=y + 17_ w. (9) 
0 

The t r a n s f e r  functions have the following s t ruc ture :  

-~T [~J~ (~) - ~"~" (~)] 
Y1 q~ 

Y~ q~ 

b 
Ya = - -  (1-- Yx - -  Y2)" 

(10) 

(11) 

02) 

Here  

[~=~r, 1}i=~rl, [~2=~tG, 

f _ ~  b n - - 1  
rt= + - L - '  v=  - i f - - ,  
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6,=I~ (P0-- P__t_~ I,+~ (P3, 

h =  I~ (p,) K~ 0 3  - -  ~ (P,) K~ (p~), 

~ l r l  (~2t'2 . 
~ I = - U - ,  ~ =  ~ ' 

l~(z)= Z m! F(v  --km -t- 1) 
m~O 

K, (z) - 2 sin (va) [Z_, (z) --  1~ (z)]. 

(13) 

(14) 

To make the t ransi t ion f rom (7) to the true temperature  of the body, u(r, I-) is complex and laborious 
in the general  case. To obtain approximate equations linking the typical temperatures  of the body and the 
influences it is permissible  to replace the exact t ransfer  functions (10)-(12) by approximate expressions 
based on the expansions (14). Methods of represent ing the t ransforms of the t ransfer  functions in rational 
fractional  form were given in [1-4]. 

Because the ser ies  converge rapidly the replacement of the exact expression for a t ransfer  function 
by an approximate one produces the most  tangible resul ts  when the temperatures  are calculated at the initial 
moments of t ime and the effect of the initial conditions is felt. As time passes the replacement becomes 
barely noticeable and the approximate expression more accurate ly  ref lects  the particular features of the 
original t ransfer  function as the number of te rms retained in the ser ies  increases .  

Let us consider an important special case in heat t ransfer  when there are  no internal energy sinks 
in the body, i.e.,  b = 0. As follows f rom (13), the parameter  I~ ='Is~a,  while the effect Z 3 and the t ransfer  
function Y3 can be rewri t ten as 

r~ 1 (I --Y1--  Y~), (15) z . = ~  uT, ~.= 

the form of the remaining expressions remaining unaltered. 

In practical  calculations the t ransfer  functions (10), (11), and (15) can be replaced by approximate 
expressions of the following form: 

YI = B~ + B~s , g~_  Co + Cls , 
1-t-Ass -t- A2s 2 1-~-Als + A2s ~ 

(la) 
a (  D' + D2s ) 

Y3 r~ 1 @ AlS --i A2s* ' 

the coefficients of which are  found f rom the equations 

1 r 2 {[ 1 2 1 

1 2(1 - - v )  
• (1---~1)(1--~-~v~)]--P~-2v [~-vv  ( 1 4 - ~ ) ( 1 .  -t-~-l)-}-Ol ~ I ~  ( l  ~l ) 1 ] '  (17) 

E = I - -  2-~v--9~ -2v (I  + 2 v ] ,  (18) 
~ ~ J 
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A s = E -  " 16a 3 2 (2 - -  v) ( l - -  v) 1 +  g~ ]+912 1 - -v  ~ ( l ~  2(1 --4) 1 2 

1 1 1 2 w ] ( 1 _ ~ ) ] _ p ] _ 2 ~ I 2 ( 2  v) ( 1 +  2v + 4 +04 2(2+W)(1-+-w)( ~e ] +~)(1-t- ~ ) (1  ~ )  (20) 

1 (1- 2 ( l - - v ) ) ( 1 + 2 ) + 9 4  1 (1 2(2--v)  )]} (21) 
+ P~ 1 - -  v~ ~ ~3 2 (2 - -  v)(1 - -  v) ~1 ' 

) B o=~--  1 P -3" , (22) 
~3 

1 r 2 1 2 9Z I - - - ~ -  _~--~ ~-2 B1 = ~-  �9 4a ~ + -~2 + ~ 1 - -  t3 -2" 1 + + , (23) 

1 r 4 {[ 1 ( 2(2--v)  ) 1 ( 2 ( l - - v )  ) 
B , = ~ -  �9 ~ 2(2--v)(1 v) 1-~ ~3 + 9 3 -  1-~ 

- - -  1 - -  v ~ ~2 

2(2 + v)(1 + v) i - -  --9-3" 2(2 + v)(l + v) 1 + ~ -  

1 - -  v ~ , 2 (2  - -  v ) (1  - -  v )  

+ p 4 

i ~--2V 

- - -  - -  + p 3 (1 

(25) 

[ i (  1/ + P -2" P~ ~ 1 2 1 

{ [ ( 2 )  
C3=~E_. 16a 3 p-2. 9~p3 1- -v  3 

-}- 04 2 (2 + v)(1 -5 v) 1 --  - -  P~ 2 (2 - -  v)(1 - -  v) 

_o]_2. [p~p 2 1 (1 2 ( l - - v )  ) 1 
' - ] - - - v ~  ~1 " + 941 2 ( 2 - - v ) ( 1  v )  

D I = A  1 - B  1-C1,  D2=A 2 - B  3 - C  3. 

If at the initial moment of t ime the continuously varying functions u(r, ~-), zl('r), z2(~-), and z3(~- ) and 
their  f i r s t  and second der ivat ives  a re  zero,  we can use an operator  relat ion between the der ivat ive of a 
function and its t r ans form [1, 3]: 

L - ,  [s"F(s)] --  dnf 
d.r, n 

Then, af ter  applying the inverse  t ransformat ion to (7), and noting (15) and (16), we obtain an ap- 
proximate differential  equation linking the t empera tu re  of the body and the thermal  effects 

A2 d~Ud.~ ~ + A1 -~du + u = B, dZ,d.c + B~ + C~ - ~  + C6z3 -t- ~2 D2 ~ + Dlz3 " (27) 

Equation (27) a lso holds when the initial conditions a re  nonzero, if sufficient time has passed since 
the beginning of the process  and the initial thermal  s tate has ceased to affect  the tempera ture  distr ibution 
inside the body. 
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The t ransfer  functions (16) and Eq. (27) can be used to determine the typical temperatures  of the body 
- the average temperatures  ust if) and us2 (z) of the surfaces S t and $2, and also the mean volume tempera-  

ture uv0" ) of the body. The form of the expressions (16) and (25) does not change, only the values of the 
coefficients B, C, and D change (the coefficients A t and A 2 are  independent of p). 

For  the temperature  usl(~ ) the coefficients B0,S1 , B1,S1 , C0,S1 , Ci,S1 , D1,S1 , and D2,$1 are  found from 

Eqs. (17)-(27) in which we have to replace p by Pl. In accordance with this, we have to put p = 1 when de-  
termining the coefficients B0,S2 , B1,S2 , C0,$2 , C1,$2 , D1,S2 , and D2,$2 f rom (20)-(26). 

In the calculation of the mean volume temperature  u v f f  ) the coefficients take the form 

I [ 2v 
Bo, v = -E" 1 ~2 

(v + !) (1 -- o~) ] 
1 --  ~v+2 

1 r22 { 1 ( 2 ( l - - v )  ) 1 I X ( _ _ ~ _ )  
B~,v = -~- �9 4a ~ ! + ~2 + 1 _ply+2 ~ (l _p2.,/+4) I 2v 

l + v  
2 (1 --v) 

B2.v = -~- �9 16a ~ 
2 (2 -- v) 

2 (2 - +5(1 - ~,) ~, , 

1 [ , ( ) ( + I ~v+2 (1 v)(2+v)(1--p~"+a) 1,+ 2( l - -v )  .~ (l_p~v+6) 1 2v]  
--  - -  ~ 2(2 + v)(3 + v) ~ ] 

1 ( l _ p T ) ( l + _ ~ )  1 ( 1 - - p ~ ) ( l +  2~-2) l + v  (1 - -p~) ] } ,  
2(2 + v) 2 (l--v) . 6(2-- v)(1 ---~ v) 

[ ( +2vtl I (v+I) (1- -p9  _ p T  2, 1 
Co,~ = ~ -  1 - pT,,+ ~ -~lJ ' 

1 rg 1 (1 2 
C , , v = - f f . . { l _ p T v +  2 [P~(I--PT) - - ~ - )  

+2(1 -~ - - - -7  ~ 2 + ~  1 + - ~ -  l _ p T ~ +  ~ , 

C2,v = ~ �9 ~ �9 (l_p~,~+2) ~ I P7 (I-- 014) 

2(2+v------) P](1--PT)- 6 (2 --  v)(1-- v) 

- - (1  2(1--v) ) 1 p~+2(1 
~i / (2 + v)(1 - v) \ 

~1 2(2- -v ) (1 - -4  97v+4(1-- PTv+2) " l  ( I +2v]~1 ] 2 (3 + v)(2~-I v) (I--pTv+6), 

D~,v = A1 - -  Bl,v - -  Cl.v ; D2,v = As - -  B2.v - -  C2.v. 

The t ransfer  functions (16) and the differential equation for the influence (27) can be used to solve ap- 
proximately problems in heat conduction for curvil inear walls and hollow bodies in various hea t - t ransfer  
conditions when the derivation of an exact solution is difficult. We note that the coefficient A 1 approximately 
determines the rate  of heat t ransfer  of the body under generalized thermal  influences. In s tat ionary con- 
ditions, f rom (27) we obtain 

u (p) = Bozl + C0z2 +-aa r~ DlZ3" (28) 

It is convenient to determine the particular features of heat t ransfer  in bodies subject to periodic 
thermal  conditions using ampli tude-phase frequency character is t ics ,  the equations of which are  obtained 
by replacing s in (16) by iw, where co is the cyclic frequency of the influences. 
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Where n e c e s s a r y  the a c c u r a c y  of equations of the f o r m  (27) can be improved by re ta ining t e r m s  of 
higher  o rde r  in the expansions of the t r a n s f e r  functions. 

T 

3/ 
C 

~i~ O~2 
Z l(w), Z 2(~'), Z s(T) 
ZI(S), Z2(S), Z3(S) 

Ti, T2, V, Qi, Q2, W 
[p, Kp 
s 
p = r / r  2 
Pl = r l / r 2 .  

N O T A T I O N  

is the t ime;  
is the density;  
is the specif ic  heat of the body; 
a r e  the coeff icients  of t he rma l  conductivity and t he rma l  diffusivity of the ma te r i a l  
of the body; 
a r e  the coeff icients  of heat t r a n s f e r  for the su r faces  S 1 and $2; 
a r e  the genera l ized  t he rma l  influences;  
a r e  the images  of the influences;  
a r e  the Laplace t r a n s f o r m s  of the functions tl(~-), t2(~), v(~), ql(7), q2(~), and w(~); 
a r e  the modified cyl inder  functions of a r b i t r a r y  r ea l  index v; 
is the Laplace  t r a n s f o r m  p a r a m e t e r ;  
is  the re la t ive  coordinate ;  
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